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1. I N T R O D U C T I O N  

S i m u l a t i o n  problems o f t e n  r e q u i r e  a random i n p u t  w i t h  
s p e c i f i e d  s t a t i s t i c a l  p r o p e r t i e s .  T h i s  r e p o r t  deve lops  a method 
for g e n e r a t i n g  such  an  i n p u t  i n  one impor t an t  c a s e ,  namely when 
t h e  i n p u t  i s  t o  be a s t a t i o n a r y  Gauss ian  p r o c e s s  w i t h  a r a t i o n a l  
s p e c t r a l  d e n s i t y  (or e q u i v a l e n t l y ,  when i t  i s  t o  be  a s t a t i o n a r y  
Gauss i an  Markov p r o c e s s ) .  The method e x p l i c i t l y  shows how t o  
s i m u l a t e  p r e c i s e l y  any such  s t a t i o n a r y  p r o c e s s  on a d i g i t a l  com- 
p u t e r  and how t o  t e s t  t h e  g e n e r a t e d  data t o  make s u r e  t h a t  t h e  
o u t p u t  has t h e  d e s i r e d  s t a t i s t i c a l  p r o p e r t i e s .  

I n  s e c t i o n  two we show t h a t  t h e  problem o f  g e n e r a t i n g  
sample p a t h s  o f  t h e  d e s i r e d  p rocess  i s  e q u i v a l e n t  t o  t h e  problem 
o f  s o i v i n g  a cei7taii-i stochastic differential e q u a t i o n .  I n  s e c t i o n  
th ree  we s o l v e  t h i s  e q u a t i o n  and compute i t s  s t a t i s t i c a l  p r o p e r t i e s .  
I n  s e c t i o n  f o u r  t e c h n i q u e s  f o r  g e n e r a t i n g  sample pa ths  o f  t h e  
d e s i r e d  p r o c e s s  on a d i g i t a l  computer a r e  d i s c u s s e d .  S e c t i o n  f i v e  
deve lops  two ways o f  t e s t i n g  t h e  s i m u l a t i o n .  

~ 

I 
Two appendices  g i v e  ma themat i ca l  j u s t i f i c a t i o n  o f  some 

of t h e  t e c h n i q u e s  used.  

Throughout t h i s  paper  t h e  f o l l o w i n g  n o t a t i o n  w i l l  be 
used :  y ( t )  w i l l  b e  t h e  s t a t i o n a r y  Gaussian p r o c e s s  w e  are s t u d y i n g .  
We assume y has z e r o  mean. I f  A i s  a random v a r i a b l e ,  EA w i l l  be 

. i t s  mean. 

B ( h )  = E y ( t ) y ( t + h )  = l i m  - 2T .' [: y ( t ) y ( t + h ) d t  
T -fa 

i s  the  c c v a r i a n c e  ( a u t o c o r r e l a t i o n )  of  y .  f ( X )  i s  t h e  s p e c t r a l  
d e n s i t y  o f  B (or t h e  "power s p e c t r a l  d e n s i t y "  of y ) .  Then 
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We assume f ( A )  i s  r a t i o n a l .  Then s i n c e  B i s  an  even 
r e a l  f u n c t i o n  s o  i s  f .  Consequently 

where m<n, and P and Q have on ly  r o o t s  w i t h  n e g a t i v e  r ea l  parts.  

Under l ined  c a p i t a l  l e t t e r s  are  always nxn m a t r i c e s .  
Under l ined  lower case  l e t t e r s  are coiurrin n-vec tors  and 
- x = C0l(Xl, ..., xn) .  - I i s  t h e  nxn i d e n t i t y  m a t r i x .  

I f  x and a r e  random column n -vec to r s ,  cov(&,x)  = E ( =  T >. 
2. DERIVATION OF THE DIFFERENTIAL EQUATION 

y ( t )  i s  t h e  s t a t i o n a r y  Gauss ian  p r o c e s s  ( w i t h  s t a t i s t i c a l  
p r o p e r t i e s  d e f i n e d  b y  (1) and ( 2 ) )  t h a t  w e  w i s h  t o  s i m u l a t e .  I n  
t h i s  s e c t i o n  w e  prove t h e  fo l lowing  r e s u l t :  

where x ( t >  i s  t h e  "unique s t a t i o f i a r y  s o l u t i o n "  o f  t he  d i f f e r e n t i a l  
e q u a t i o n  

( 3 )  ( n ) ( t )  t ... + a o x ( t )  = u ( t >  , anx 
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where u i s  white  n o i s e  w i t h  zero mean and c o v a r i a n c e  6 ( h ) .  (By 
"unique s t a t i o n a r y  s o l u t i o n "  we mean the  f o l l o w i n g :  t h e  i n i t i a l  

( n - l ) ( 0 )  must be  chosen from a c o n d i t i o n s  x (O) ,  x ( O ) ,  ..., x 
unique n - v a r i a t e  normal d i s t r i b u t i o n  i n  o r d e r  t h a t  x ( t )  be  sta- 
t i o n a r y .  I n  t h i s  ca se  t h e  s t a t i s t i c a l  p r o p e r t i e s  of  x are  un ique ly  
de t e rmined . )  

1 

Equat ion  ( 3 )  may be w r i t t e n  i n  m a t r i x  form: l e t  
(n-l) ( t )  . Then 

1 x p  = x ( t ) ,  x p  = x ( t ) ,  ..., x n ( t )  = x 
x i ( t )  = ~ ~ + ~ ( t )  i f  k < n ,  a n d  

x A ( t )  = - ( a o x l ( t )  t a 1 2  x ( t )  t ... + an-l x (t)+, + u( t ) / an  

I f  w e  l e t  - x ( t )  = c o l ( x l ( t ) ,  ..., x n ( t ) )  and 

Then ( 3 )  becomes 

where w ( t )  - = c o l  ( 0 ,  ..., 0 ,  u ( t ) / a n ) .  

a t  t h e  s t a r t  of t h i s  s e c t i o n .  A r i g o r o u s  proof  o f  t h e  same 
a s s e r t i o n  i s  g i v e n  i n  Appendix 1. 

We now g i v e  an i n t u i t i v e  proof  of the  a s s e r t i o n  g i v e n  

Consider  a l i n e a r  s y s t e m  w i t h  c a u s a l  impulse response  
g ( t >  d r i v e n  by w h i t e  n o i s e  u ( t ) :  
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Assuming t h a t  t h e  s y s t e m  has ach ieved  i t s  s teady  s t a t e ,  i t  
s a t i s f i e s  

C l e a r l y  E y ( t )  = 0 .  The covar iance  o f  y i s  e a s i l y  computed: 

f "  f" 

and s o  y has cova r i ance  

Taking F o u r i e r  t r ans fo rms  we f i n d m t h a t  y has power s p e c t r a l  

dens i ty  I G ( j w )  I 2  where G ( j h )  

l e t  G ( j h )  = P ( j X ) / Q ( j A )  t h e  l i n e a r  s y s t e m  ( 5 )  w i t h  

g ( t ) e - j x t d t .  Hence i f  w e  
= l m  

m 1 
G ( j h ) e j h t d X  has an  o u t p u t  p r o c e s s  y ( t )  w i t h  t h e  

d e s i r e d  power s p e c t r a l  dens i ty  ( 2 ) .  

Re turn ing  t o  ( 5 )  and t a k i n g  F o u r i e r  t r ans fo rms  

w e  see $ ( j x )  = ; ( j h ) P ( j h ) / Q ( j A ) .  Using e q u a t i o n  ( 2 )  w e  see t h a t  
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n n 

k=O k=O 

Taking i n v e r s e  t r a n s f o r m s  t h i s  g i v e  

n m 

0 0 

( k ) ( t )  = u ( t ) ,  f ak T h e r e f o r e  i f  x ( t )  i s  a s t a t i o n a r y  s o l u t i o n  of 
k=O 

c l e a r l y  y ( t >  = x b k x ( k ) ( t )  s o l v e s  (6), as des i r ed .  

A ma themat i ca l ly  r i g o r o u s  proof  o f  t h i s  r e s u l t  i s  
g i v e n  i n  Appendix 1. From a mathemat ica l  p o i n t  o f  view a 
r i g o r o u s  a l t e r n a t i v e  proof  i s  d e s i r a b l e  f o r  t he  f o l l o w i n g  r e a s o n s :  

1. 

2 .  

3. 

White n o i s e  has mathematical  meaning only  as t h e  
l i m i t  o f  a sequence o f  Gauss ian  p r o c e s s e s  w i t h  
d e c r e a s i n g  c o r r e l a t i o n  t imes .  Hence e q u a t i o n  ( 5 ) ,  
for example, i s  mathemat ica l ly  meaningless  u n l e s s  
a more advanced approach i s  used.  

Whether or n o t  t h e  l i n e a r  system i n  question has 
a unique s t e a d y  s t a t e  when d r i v e n  b y  w h i t e  n o i s e  
i s  n o t  mathemat ica l ly  c l e a r .  

Taking F o u r i e r  t r ans fo rms  o f  ( 5 )  i s  not  i n  g e n e r a l  
p o s s i b l e .  Hence t h e  replacement  of  ( 5 )  by  ( 6 )  
needs more j u s t i f i c a t i o n .  
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3. STATIONARY SOLUTIONS OF RANDOM DIFFERENTIAL EQUATIONS 

I n  t h e  las t  s e c t i o n  w e  reduced our s i m u l a t i o n  problem 
t o  the  problem of s i m u l a t i n g  the s t a t i o n a r y  s o l u t i o n  o f  t h e  
l i n e a r  s t o c h a s t i c  e q u a t i o n  ( 4 )  x t ( t )  = A x ( t )  + w ( t )  - where A 
has on ly  e igenva lues  w i t h  n e g a t i v e  r e a l p a r t s .  I n  t h i s  s e c t i o n  
w e  compute t h e  s t a t i s t i c a l  p r o p e r t i e s  o f  t h e  s t a t i o n a r y  s o l u t i o n  
of a s l i g h t l y  more g e n e r a l  equa t ion ,  namely 

( 7 )  

where - R ( t )  = Col(R1, ..., R n )  i s  some s t a t i o n a r y  p r o c e s s  w i t h  z e r o  
mean and B i s  a m a t r i x  a l l  of whose e i g e n v a l u e s  have n e g a t i v e  
r e a l  p a r t s .  The r e s u l t s  are t h e n  s p e c i a l i z e d  t o  ou r  c a s e .  

L e t  Q ( t )  be t h e  m a t r i x  s o l u t i o n  o f  Q ' ( t )  = B % ( t ) ,  
- @ ( O )  = I. The-following p r o p e r t i e s  o f  Q are  wel l  known (see 
any book on o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s ,  f o r  example [ 2 1 ) .  

a. < ( t >  = C O ~ ( Q  

\ u ,  ..., 1, ... ,u/ (the 1 I n  k- th  p o s t t i o n : .  5 \ w /  = f n  

( t ) ,  ..., Qnk( t ) )  s o l v e s  5' = Bg , l k  - 
n \  r f  n \  - 

b .  I f  - x ( t )  s o l v e s  ( 7 )  t h e n  

We now show that  not  on ly  does ( 7 )  have a unique 
s t a t i o n a r y  s o l u t i o n  b u t  - x i s  a s t a t i o n a r y  s o l u t i o n  o f  ( 7 )  i f  
and only  i f  

( 9 )  

T h i s  i s  a consequence of  ( 8 ) :  I f  x i s  a s t a t i o n a r y  
s o l u t i o n  t h e n  Var ( ~ ( s ) )  is  a c o n s t a n t ,  and s i n c e  I@[t -a ) l  -f 0 
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as a+-.. we g e t  (9). Conversely,  as d e f i n e d  by ( 9 )  x ( t )  i s  
s t a t i o n a r y  if R ( s )  i s  and i s  even  s t r i c t l y  s t a t i o n a r y  if R 
i s  Gauss ian .  I n  f a c t  

where r ( t )  = - E ( R ( s ) R T ( s + t ) ) .  - T h i s  c l e a r l y  i s  a f u n c t i o n  of  tl-t2 
on ly .  Hence x i s  (second o r d e r )  s t a t i o n a r y .  I f  R i s  Gauss i an  s o  
i s  x and i n  t K i s  c a s e  second-order  s t a t i o n a r t t y  i m p l i e s  s t r i c t  
s t a F i o n a r i t y .  

I f  r o r  CP are complicated f u n c t i o n s  t h e  i n t e g r a l  i n  
(10) may be  i m p o s s i b l e  t o  compute. 
B i s  ve ry  l a r g e ,  computing CP i s  ve ry  hard.  I n  t h e  i m p o r t a n t  
s p e c i a l  c a s e  where o u r  m a t r i x  e q u a t i o n  ( 7 )  a r i s e s  from a l i n e a r  
n-th o r d e r  e q u a t i o n  

For example, i f '  t h e  m a t r i x  

w i t h  s t a t i o n a r y  d r i v i n g  f u n c t i o n  R ( t )  Karhunen [3]  g i v e s  an 
a l t e r n a t i v e  method which may b e  feas ib le  when t h e  computa t ion  
of  ( 1 0 )  i s  n o t  feasible .  Th i s  method i s  d e s c r i b e d  i n  Appendix 2.  

We now s p e c i a l i z e  (10) t o  t h e  s p e c i a l  c a s e  (4) where 
the  d r i v i n g  f u n c t i o n  i s  white  n o i s e .  I n  t h i s  c a s e  ( 9 )  becomes 

= 6 ( t ) / a z .  Hence w e  have t h e  f o l l o w i n g  complete  c h a r a c t e r i z -  
t i o n  of  t h e  s o l u t i o n  - x o f  (4). 
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Hence 

or (component-wise) 

where @ = ( 4 .  . ) .  
1 J  - 

(3) - x i s  Gauss ian .  

4 .  DIGITAL APPROXIMATION OF x ( t >  

For a g i v e n  s t e p  s i z e  T w e  w i s h  t o  c o n s t r u c t  sample 
p a t h s  x ( n T ) ,  n = 0 ,  1, . . . , N wi th  s t a t i s t i c a l  p r o p e r t i e s  a g r e e i n g  
w i t h  tEose  o f  x i n  e q u a t i o n  ( 1 3 ) .  
from a n  n - v a r i g t e  Gaussian d i s t r i b u t i o n  w i t h  z e r o  mean and 

v a r i a n c e  (from e q u a t i o n  (13)) Var (x (0 ) )  = - @ C v ) D @ T C v ) d v  - . 

We s t a r t  b y  choosing x ( 0 )  

- 

By e q u a t i o n  ( 8 1 ,  

o r  
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where v ~ ~ + ~  i s  a Normal random v a r i a b l e ,  independent  of - x ( n T ) ,  
w i t h  mean 0 and v a r i a n c e  

. 

I f  t h e  s t a t e  v e c t o r  i s  l a r g e ,  t h e  computa t ion  o f  @ 
i s  d i f f i c u l t .  However, if it i s  p o s s i b l e  somehow to f i n d  t h e  
i n i t i a l  d i s t r i b u t i o n  cov(x(O) ,  x ( 0 ) )  w e  p o i n t  o u t  t h a t  one 
cou ld  t h e n  do a s t r a i g h f o r w a r d  numer i ca l  i n t e g r a t i o n  o f  (71,  
or use  t h e  Runge K u t t a  method o f  s o l v i n g  o r d i n a r y  d i f f e r e n t i a l  
e q u a t i o n s  numer i ca l ly .  I n  t h i s  c a s e  t h e  d r i v i n g  f u n c t i o n  R ( t )  
i s  r e p l a c e d  by a sequence { R ( n T ) )  of independent  normal random 
v a r i a b l e s .  

One c a s e  where t h e  i n i t i a l  v a l u e s  can be computed 
d i r e c t l y  even fzlr l a r g e  r! i s  t h e  n-th o r d e r  l i n e a r  c a s e  d i s -  
cussed  i n  Appendix 2. 

We conclude  t h i s  s e c t i o n  by o u t l i n i n g  a method f o r  
g e n e r a t i n g  an  n-dimension normal random v e c t o r  x w i t h  a g i v e n  
c o v a r i a n c e  m a t r i x  r .  T h i s  i s  done i n  two s t e p s f  

(1) Genera t e  an n-dimensional random v e c t o r  - n w i t h  
T independent  components s o  E ( E  ) = - I. 

( 2 )  Make a l i n e a r  t r a n s f o r m a t i o n  x = Cn w i t h  a n  
a p p r o p r i a t e  d e t e r m i n i s t i c  m a t r i x  E .  
t h e  p r o p e r  form for w e  r e a s o n  a s  f o l l o w s :  i f  

T T T  x = - Cn. t h e n  E ( =  ) = E(Cnn C ) = E. Hence - C 

need o n l y  sa t i s fy  = r .  

To d i s c o v e r  

T 
- 

C may be  t a k e n  t o  be a l o w e r - t r i a n g u l a r  m a t r i x  and 
T 

- 
c o n s t r u c t e d  as f o l l o w s :  
S i n c e  C = 0 if i < j ,  i t  i s  e a s i l y  s e e n  t h a t  t he  C can  be 

found r e c u r s i v e l y  as fo l lows :  

Let r = CC , r = ( y i j ) ,  C = ( C i j ) .  

i j  i j  
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and i n  g e n e r a l  t h e  i - t h  row o f  - C can b e  de te rmined  from t h e  
e q u a t i o n  

M i n ( i ,  j )  

- - 1 ' ik C j k  
Y i  j 

k = l  

which can be s o l v e d  f o r  C s u c c e s s i v e l y .  i j  

5. TESTING THE DIGITAL SIMULATION 

We wish t o  t e s t  the sequence ( x ( r T ) )  g e n e r a t e d  by 
e q u a t i o n  (14) t o  see i f  i t s  s t a t i s t i c a l  b e h a v i o r  a g r e e s  w i t h  
t h a t  c a i c i l l a t e d  t h e z r e t i c a l l y  i n  s e c t i o n  3. I n  e s s e n c e  w e  are 
j u s t  t e s t i n g  t h e  random number g e n e r a t o r  used  t o  g e n e r a t e  o u r  
" w h i t e  no i se"  sequence v~~ - i f  w e  had a p e r f e c t  random number 
g e n e r a t o r ,  o u r  sequence x(rT) would have p r e c i s e l y  t h e  des i red  
s t a t i s t i c a l  p r o p e r t i e s .  S ince  t h i s  w i l l  n o t  be ,  o u r  sequence 
w i l l  va ry  from tha t  desired.  

We suppose t h a t  M sample p a t h s  of  x a r e  a v a i l a b l e ,  
1 2 M 

- x ( r T ) ,  5 ( r T ) ,  ..., - x ( r T )  where r = O ,  1 ,..., N and 
k k k 
- x ( r T )  = c o l ( x l ( r T ) ,  ..., x n ( r T ) ) .  
pa ths  are t r u l y  independent .  
and l e t  p ( k T )  = ( ~ . . ( k T l ) ~ , ~ = ~  1 J  . 

l i k e  t o  t e s t - - s t a t i o n a r i t y ,  n o r m a l i t y ,  p r o p e r  mean, p r o p e r  
c o v a r i a n c e .  There seem t o  be no u s e a b l e  t e s t s  of s t a t i o n a r i t y ,  
b u t  t h i s  can be  i n d i r e c t l y  checked through t h e  mean and c o v a r i -  
ance  f u n c t i o n s .  T e s t i n g  f o r  n o r m a l i t y  i s  a very  w e l l  known 
s t a t i s t i c a l  problem. 
f o r  i n f o r m a t i o n .  

We assume t h a t  t h e s e  sample 
Def ine  p i 3  ( k T )  = E(xiCO)xj(kT)) ,  

n 

There are f o u r  s t a t i s t i c a l  p r o p e r t i e s  o f  - x w e  would 

We r e f e r  t h e  r e a d e r  t o  [4]> f o r  example,  
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There are two a l t e r n a t e  s e t s  of s t a t i s t i c s  one can 
use t o  t e s t  t h e  mean and covar iance  o f  x. 
i s  

The f i rs t  of  these - 

M 

k = l  

We l e t  E ( f l , ( r + e ) T )  be  t h e  ma t r ix  (p ( r T , ( r + e ) T ) ) .  
i j  

The second s e t  of s t a t i s t i c s  i s  
N 

(16) 
!2=O 

N-P 

An e v a l u a t i o n  of  t h e s e  two approaches i s  g iven  l a t e r .  
F i r s t  w e  compute t h e  means and v a r i a n c e s  of t he  s t a t i s t i c s .  

1 Ex(rT)  = 0 .  We c a l c u l a t e  - C l e a r l y  E ( x ( r T ) )  = - 
k 

t h e  v a r i a n c e  o f  x ( r T )  component by component: - 

Hence Var (Z( f l ) )  = 1 p(0) . 
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The e x p e c t a t i o n  o f  E ( r T ,  ( r + t ) T )  = ECRT) obv ious ly .  
The v a r i a n c e  i s  g i v e n  component by component: 

To prove  this we compute 

To compute t he  e x p e c t a t i o n  o f  these terms we u s e  a 
c h a r a c t e r i s t i c  f u n c t i o n  argument. If vl, ... , vn are any 

random v a r i a b l e s  and ( t l ,  ..., t = E e  and n 
iCt1v1t ...+ t n v n l  

k=k +k +...+ kn t h e n  (i) k E(xl kl ... x ”) = a k  k @(o,03***,o)* 

k 

1 . 2  n kl n a t l  ... a t n  
Applying this 

from which (18) f o l l o w s  immediately.  
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We now t u r n  t o  t h e  s t a t i s t i c s  ( 1 6 ) .  C l e a r l y  
= 0, E(B ( r T ) )  = p i j ( r T ) .  Hence the s t a t i s t i c s  are 

isk 
- 

unbiased .  Cov(x w i l l  be  computed term by term. 

r N 7 

so 

k To compute t h e  v a r i a n c e  o f  B 
k k i j  

( r T ) ,  n o t e  t h a t  if 

z ( t )  = x , ( t ) x  ( t + r T )  - P i j ( r T )  - pij(r’I’), x ( t )  i s  s t a t i o n a r y  
w i t h  Ez = 0 and 

j 

But an argument e x a c t l y  l i k e  t hose  used above t h e n  shows t h a t  
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I n  o r d e r  t o  use  t h e  s t a t i s t i c s  (151, t h e  f o l l o w i n g  
s t e p s  shou ld  b e  fo l lowed:  

1. Each t i m e  a new sample pa th  - x' i s  g e n e r a t e d  t h e  

number Ix  - ( r T ) )  must b e  p re se rved .  

computed, form t h e  s t a t i s t i c s  x ( r T )  and ( r T ) ,  
r = O ,  1, ..., N. 

3. x ( r T )  shou ld  have mean ze ro  and v a r i a n c e  g i v e n  by 
T17). Beiqg t.he si-i-m o f  independent  normal random 
v a r i a b l e s  x ( rT)  should  b e  normal.  Hence a compari- 
son  o f  t h e o b s e r v e d  x ( r T )  and t h e  s t a n d a r d  dev ia -  
- t i o n  i s  a t e s t  of s y s t e m  performance.  S i m i l a r l y ,  

w i l l  be  approximate ly  normal for l a r g e  M by 

t h e  c e n t r a l  l i m i t  theorem, and hence a s t a n d a r d  
d e v i a t i o n  t e s t  can be a p p l i e d  t o  i t ,  u s i n g  (18). 

k 

2.  When a s u f f i c i e n t  number of samnle pa ths  have been 

i j  - 

- 

i j  

I n  o r d e r  t o  u s e  t h e  s t a t i s t i c s  (161, t he  f o l l o w i n g  
s t e p s  shou ld  b e  fo l lowed :  

1. During t h e  computat ion of each  sample p a t h  xk the  
s t a t i s t i c s  should  be cumulated,  and s t o r e d  st t h e  
end o f  each  run .  
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2. After each  r u n ,  a s t a n d a r d  d e v i a t i o n  t e s t  on - yk 
can be performed; x s h o u l d  b e  normal ly  d i s t r i b u t e d  
w i t h  mean and v a r i a n c e  (19). U n f o r t u n a t e l y ,  t h e  
d i s t r i b u t i o n  o f  B i s  n o t  known and hence t h e  o n l y  
t e s t  t h a t  can be made each  sample r u n  would b e  t o  
use Chebyshev's i n e q u a l i t y .  T h i s  i s  n o t o r o u s l y  
p e s s i m i s t i c  and w i l l  g i v e  u s e a b l e  i n f o r m a t i o n  only  
i f  N i s  ve ry  l a r g e .  However, 

-k 

i j  

3. After a number of sample p a t h s  have been c r e a t e d  
w e  can form t h e  s t a t i s t i c s  

S i n c e  the  Fk a r e  independent  F(rT) s h o u l d  b e  
normal ly  d i s t r i b u t e d  w i t h  mean p i j  ( r T )  and 

v a r i a n c e  
k V a r (  B, ( r T )  
IJ 

M 

Each of t h e  s t a t i s t i c s  (15) and (16) have some 
advan tages .  The d i s t r i b u t i o n s  o f  t h e  s t a t i s t i c s  (15) a r e  
more e a s i l y  computed, e s p e c i a l l y  when compared t o  pk ( r T ) .  
However, many more numbers need t o  b e  p r e s e r v e d  t h a n  are 

2 needed i n  ( 1 6 ) - - e s s e n t i a l l y  N tN v e r s u s  2 N .  Also t h e  pro- 
gramming i n v o l v e d  t o  compute ( 1 6 )  shou ld  be much l e s s  t h a n  
t ha t  r e q u i r e d  t o  compute ( 1 5 ) .  A second f a c t o r  t o  c o n s i d e r  
i s  t h e  t y p e  o f  assumptions unde r ly ing  o u r  a n a l y s i s  o f  each  
s e t  o f  s t a t i s t i c s .  The s t a t i s t i c s  (15) may be ana lyzed  
e s s e n t i a l l y  assuming only  sample p a t h  independence.  The 
a n a l y s i s  o f  t h e  s t a t i s t i c s  (16) assumes i n  a d d i t i o n  t h e  sta- 
t i o n a r i t y  of  t he  p r o c e s s .  

i j  

Based upon t h i s  a n a l y s i s ,  i t  i s  recommended t h a t  

1. P r i m a r y  r e l i a n c e  be p u t  on t h e  s t a t i s t i c s  ( 1 6 ) .  
However, t o  check t h e  s t a t i o n a r i t y  assumpt ion  a 
f e w  v a l u e s  of should  be computed, e s p e c i a l l y  
t h e  c a s e s  r=O, R = O  and R = N .  

1 9  
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2. After  i n i t i a l  data has been ana lyzed  a r e - e v a l u a t i o n  
o f  t h e  s t a t i s t i c a l  t e c h n i q u e s  b e i n g  used  s h o u l d  be 
made. 

1 0  33-JLS- j P 

Attachments  
Appendix 1, 2 
Refe rences  
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APPENDIX 1 

DERIVATION OF THE DIFFERENTIAL EQUATION 

I n  t h i s  appendix we g i v e  a p roof  o f  the r e s u l t  s ta ted 
a t  the  s t a r t  o f  s e c t i o n  2 :  t he re  i s  a unique p r o b a b i l i t y  
d i s t r i b u t i o n  from which t h e  i n i t i a l  c o n d i t i o n s  f o r  e q u a t i o n  
( 3 )  may be chosen which l e a d s  t o  a s t a t i o n a r y  s o l u t i o n  o f  ( 3 ) .  

If x ( t )  i s  t h i s  s o l u t i o n  t h e n  y ( t >  = 
des i red  s t a t i o n a r y  p r o c e s s .  k=O 

S i n c e  w h i t e  n o i s e  i s  ma themat i ca l ly  t r e a c h e r o u s  w e  
r e p l a c e  ( 4 )  by 

bkx(k)(t) i s  t h e  

where ~ , ~ ( t )  = c o l ( 0 , .  . . ,O ,uk( t ) / an ) )  and uk i s  a s t a t i o n a r y  
l r l i l  

Gauss ian  (Markov) p r o c e s s  w i t h  mean 0 ,  cova r i ance  R k ( t )  = ke-n lv l  
II _ _  

, 
m 

kL 
k t A  k and (hence)  s p e c t r a l  d e n s i t y  f k ( A )  = 

behaves more and more l i k e  n o i s e .  
. C l e a r l y  as k- u 

L e t  g ( t )  = I P( iA) /Q( iA)e  dA . 
J -a 

Because of t h e  spec ia l  p r o p e r t i e s  o f  P and Q ,  

s e e n  t o  be r e a l  and g ( t )  0 i f  t < O .  Also I g ( t > l  2 ke 
some s>O. 

= P ( s ) ,  
= a(;), and t h e  l o c a t i o n  of t h e  r o o t s  o f  Q ,  g ( t >  i s  e a s i l y  

- s t  f o r  

Cons ider  v k ( t )  - g ( t - s ) u k ( s ) d s .  L e t  -It 
. r k ( t , t t h )  = E ( V k ( t ) v k ( t t h ) )  g ( t t h - v l )  g ( t - v 2 )  R k (  V1-V2) d v l d v  2 
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r k  has s p e c t r a l  d e n s i t y  f ( A ) f k ( A ) .  
v k ( t )  i s  s t a t i o n a r y  w i t h  s p e c t r a l  d e n s i t y  f ( A ) f k ( A ) .  
k .+ m v a s y m p t o t i c a l l y  i s  ( s t a t i s t i c a l l y )  j u s t  y ( t > ,  t he  k 
des i red  p r o c e s s .  

Hence a s y m p t o t i c a l l y  
A s  

S i n c e  v k ( t )  = l t g ( t - s ) u k ( s ) d s ,  t a k i n g  Laplace  

e - s t v k ( t ) d t  = P(s)/Q(s) Gk(s) i f  s>O. 
= lrn t r a n s f o r m s  +,(SI 

(Uk(t) i s  a lmost  s u r e l y  t r a n s f o r m a b l e  because  

Hence ( aos-ntals 1-n+ ...+ an)Gk(s) = . ( b o s - n t . . . + b m s  m-n )fik(s) 

( - n ) ( t )  t alvk ( 1 4  ( t )  + ... + a,vk(t)  aOVk 

( t )  = bOuk (-n)(t)  t ... + bmuk (m-n) 

where 



, 
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Now c o n s i d e r  t h e  s t o c h a s t i c  d i f f e r e n t i a l  e q u a t i o n  

anE;(")(t) + ... + a o c ( t )  = u k ( t )  

T h i s  i s  e q u i v a l e n t  t o  t he  m a t r i x  e q u a t i o n  ( 4 1 )  x ' ( t>  = & ( t ) + x k ( t )  

I f  @(t) i s  a s o l u t i o n  o f  t h e  m a t r i x  e q u a t i o n  9' = A @ ,  i(0) = I 
then  

_. - - 

S e t t i n g  a=O, - x(a)=O,  i t  i s  c l e a r  t h a t  x n ( t ) ,  t h e  

l a s t  component o f  E ,  s o l v e s  aox ( -n> ( t )  +...+ a n x ( t )  = u i l ( t )  
i f  x n ( 0 )  = ... x Since  (21) has a unique  s o l u t i o n  (0 )  = 0. n-m 
w i t h  s p e c i f i e d  i n i t i a l  c o n d i t i o n  w e  see t h a t  v k ( t )  = f b j x j + l ( t )  

i f  - x ( 0 )  i s  a p p r o p r i a t e l y  chosen. 

and i t  i s  eas i ly  s e e n  t h a t  no matter what x ( 0 )  i s  x ( t )  i s  
a s y m p t o t i c a l l y  t h e  same. Hence f o r  any i n F t i a l  c o E d i t i o n  

y h j u j + i ! t !  k- 5 s  asymptotically s t a t i o n a r y  w i t h  d e n s i t y  f (A) f , - (A) .  

j =o 
But s i n c e  A has o n l y  e igen-  

v a l u e s  w i t h  n e g a t i v e  rea l  pa r t s ,  l@(t>l  5 ke - o t  f o r  some o>O 

n 

Now l e t  a + - m  i n  ( 6 ) .  C l e a r l y  x ( t )  i s  s t a t i o n a r y  if - 
r t  

and o n l y  i f  x ( t )  = @(t-s)wk(s)ds .  

s t a t i o n a r y  s o l u t i o n .  I f  - x i s  s t a t i o n a r y  x b j x j + l ( t )  w i l l  be 

s t a t i o n a r y  and s i n c e  i t  t e n d s  toward t h e  des i red  s t a t i o n a r y  
p r o c e s s  i t  must i n  f a c t  be t h e  d e s i r e d  p r o c e s s .  I f  w e  l e t  

Hence ( 2 2 )  has a unique  I _ ,  - 

m 

y k ( t )  = f bjx j+ l  ( t )  where - x = (x l , .  . . , xn )  i s  t h e  unique 

t h e  d e s i r e d  r e s u l t .  

j =o 
s t a t i o n a r y  w i t h  spec t rum f ( A ) f k ( h ) .  L e t t i n g  k + m  we t h e n  
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APPENDIX 2 

KARHUNEN'S METHOD 

I n  t h i s  appendix w e  show how t o  compute the 
s t a t i s t i c a l  p r o p e r t i e s  o f  the  s o l u t i o n  t o  a c o n s t a n t  coef -  
f i c i e n t  l i n e a r  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n  w i t h  a sta- 
t i o n a r y  s t o c h a s t i c  d r i v i n g  f u n c t i o n .  

Any s t a t i o n a r y  p rocess  x ( t )  has a s p e c t r a l  

r e p r e s e n t a t i o n  x ( t )  = eiXtdzx(A) where z(A) i s  a s t o -  
-cD 

c h a s t i c  p rocess  w i t h  o r thogona l  increments .  
f u n c t i o n  B_- (h )  = E ( x ( h ) x ( O ) )  i s  a l s o  known t o  be r e p r e s e n t -  

The c o r r e l a t i o n  
A 

able  i n  t h e  form B x ( h >  = eiXhdFx(A) where F i s  some 

monotone f u n c t i o n  of bounded v a r i a t i o n .  
re la ted by Fx(AtAA)-Fx(A) = Elz (At rx ) -z (A) l  . 
follows t h a t  f o r  any determined z x - i n t e g r a b l e  f u n c t i o n s  f 

Fx and zx are 
It t h e n  2 

and g 

Karhunen's r e s u l t  c8ii now be s t a t e d :  (11) has 2 
unique  s t a t i o n a r y  s o l u t i o n  x ( t )  which has t h e  r e p r e s e n t a t i o n  

( zR(A)  i s  the  s p e c t r a l  p rocess  for R ( t ) ) .  Hence 



BELLCOMM, INC. - A-2-2 - 

I f  R ( t )  has a n a t u r a l  s p e c t r a l  d e n s i t y  f R ( h )  t h i s  becomes 

More g e n e r a l l y  t h e  c o v a r i a n c e  between d e r i v a t i v e s  o f  
x can a l s o  be computed: i f  0 6 k ,  R n 

T h i s  i s  o f t e n  much more e a s i l y  computable t h a n  i s  (lo), e s p e c i a l l y  
in t h e  c a s e  h=O. 
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